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Constrained Nonlinear Optimization

min
𝑥∈ℝ𝑑

𝑓(𝑥) subject to 𝑐𝑖 𝑥 = 0 𝑖 ∈ 𝐸 and 𝑐𝑖 𝑥 ≥ 0 𝑖 ∈ 𝐼

Objective function 𝑓:ℝ𝑑 → ℝ

Equality constraint functions 𝑐𝑖: ℝ
𝑑 → ℝ (𝑖 ∈ 𝐸)

Inequality constraint functions 𝑐𝑖: ℝ
𝑑 → ℝ (𝑖 ∈ 𝐼)

𝐸 ∪ 𝐼 = ℕ𝑘 , 𝐸 ∩ 𝐼 = ∅

Nocedal J and Wright SJ (2000) Numerical Optimization 2nd Ed.



Constrained Nonlinear Optimization

(1) Formulate Lagrange function

𝐿 ∶ ℝ𝑑 ×ℝ𝑘 , 𝑥, 𝜆1, … , 𝜆𝑘 ↦ 𝐿 𝑥, 𝜆1, … , 𝜆𝑘 ≔ 𝑓 𝑥 −  𝑖∈𝐸∪𝐼 𝜆𝑖𝑐𝑖(𝑥)

(2) First-order necessary conditions (Karush-Kuhn-Tucker conditions)

Let 𝑓 𝑥∗ ≤ 𝑓 𝑥 ∀ 𝑥 ∈ 𝑁 𝑥 , 𝑐𝑖 𝑥∗ = 0 (𝑖 ∈ 𝐸) and 𝑐𝑖 𝑥∗ ≥ 0 (𝑖 ∈ 𝐼).

Then there exists an Lagrange multiplier 𝜆∗ ≔ 𝜆1
∗ , … , 𝜆𝑘

∗ 𝑇 ∈ ℝ𝑘 such that

𝛻𝑥𝐿 𝑥∗, 𝜆∗ = 0 , 𝜆𝑖
∗ ≥ 0 (𝑖 ∈ 𝐼) and 𝜆𝑖

∗𝑐𝑖 𝑥∗ = 0 (𝑖 ∈ 𝐸 ∪ 𝐼)

Many numerical algorithms for finding (𝑥∗, 𝜆∗) exist! 

Nocedal J and Wright SJ (2000) Numerical Optimization 2nd Ed.

Solution strategy for constrained nonlinear optimization problems
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Support Vector Classification

Training Data Set

𝑥 𝑖 , 𝑦 𝑖
𝑖=1

𝑛
≔ 𝑥 1 , 𝑦 1 , … , 𝑥 𝑛 , 𝑦 𝑛 𝑥 𝑖 ∈ ℝ𝑚, 𝑦 𝑖 ∈ −1,1

Discriminant Function

𝑓:ℝ𝑚 → ℝ, 𝑥 ↦ 𝑓 𝑥 ≔ 𝑤𝑇𝑥 + 𝑤0 (𝑤 ∈ ℝ𝑚, 𝑤0 ∈ ℝ)

Decision Function

𝑔:ℝ → {−1,1}, 𝑓(𝑥) ↦ 𝑔 𝑓(𝑥) ≔  
−1, 𝑓(𝑥) < 0

1, 𝑓 𝑥 ≥ 0

Hyperplane
𝐻 ≔ 𝑥 ∈ ℝ𝑚 𝑓 𝑥 = 0 ⊂ ℝ𝑚



𝐷−1 ≔ {𝑥 ∈ ℝ2|𝑓 𝑥 < 0}

𝐷+1 ≔ {𝑥 ∈ ℝ2|𝑓 𝑥 ≥ 0}

𝐻 ≔ {𝑥 ∈ ℝ2|𝑓 𝑥 = 0}

Support Vector Classification

𝑚 ≔ 2

⇒ 𝑥 𝑖 = 𝑥1
(𝑖)
, 𝑥2

(𝑖) 𝑇
∈ ℝ2

A special case

𝑥1

𝑥2
𝑥(𝑖) with 𝑦(𝑖) = −1

𝑥(𝑖) with 𝑦(𝑖) = +1



Support Vector Classification

Geometric properties of discriminant functions and hyperplanes 

Fundamental aim of classifier training

(for proofs, see e.g. Ostwald Probabilistic Models for Functional Neuroimaging 2015)

Determine 𝑤∗ ∈ ℝ𝑚, 𝑤0
∗ ∈ ℝ such that training set classification is “optimal”

→ Parameter point estimation for model ℎ:ℝ𝑚 → −1,1 , 𝑥 ↦ ℎ 𝑥 ≔ 𝑔(𝑓(𝑥))

(1) 𝑤 is orthogonal to any vector pointing in the direction of the hyperplane

(2) 𝑤0/ 𝑤 2 is the (direct) distance from the origin to a point on the hyperplane

⇒ 𝑤 and 𝑤0 determine the location and orientation of the hyperplane

(3) The (direct) distance of a point 𝑥 to the hyperplane is 𝑑 =
1

𝑤 2
𝑓(𝑥)

⇒ The discriminant function describes the distance from the hyperplane



𝑥1

𝑥2

𝐻 ≔ {𝑥 ∈ ℝ2|𝑓 𝑥 = 0}

𝑤0/ 𝑤 2

Support Vector Classification

𝑤

𝑤 2

𝑑 ≔
1

𝑤 2
𝑓 𝑥

(for proofs, see e.g. Ostwald Probabilistic Models for Functional Neuroimaging 2015)



Support Vector Classification

Absolute (direct) distance of 𝑥 𝑖 from hyperplane

𝛿(𝑖) ≔ 𝑑 𝑖 =
1

𝑤 2
𝑓 𝑥 𝑖 =

𝑦 𝑖

𝑤 2
𝑓 𝑥 𝑖 (𝑖 = 1,… , 𝑛)

Hyperplane Margin

𝛿∗ ≔ min
𝑖=1,…,𝑛

𝛿(𝑖)

Support Vector Set 

𝑋∗ ≔ 𝑥 𝑖 ∈ {𝑥 1 , … , 𝑥 𝑛 } 𝛿(𝑖) = 𝛿∗

Zaki M and Meira JR W (2014) Data Mining and Analysis



Support Vector Classification

𝑥1

𝑥2

𝛿(1)

𝛿(2)

𝛿(3)

𝛿(4)

𝛿(5)

𝛿(6)

← 𝛿∗= min
𝑖=1,…,6

𝛿(𝑖)

𝑋∗ ≔ 𝑥 2 𝛿(2) = 𝛿∗



Support Vector Classification

Fix length of 𝑤 and 𝑤0 such that 𝑦∗𝑓 𝑥∗ = 𝑦∗ 𝑤𝑇𝑥∗ + 𝑤0 = 1 (𝑥∗ ∈ 𝑋∗)

Discriminant functions characterize hyperplanes up to scalar multiplication

𝑓 𝑥 = 0 ⇔ 𝑎 𝑤𝑇𝑥 + 𝑤0 = 𝑎 ⋅ 0 ⇔ 𝑎𝑤𝑇𝑥 + 𝑎𝑤0 = 0⇔ 𝑎𝑓 𝑥 = 0

Canonical discriminant function

⇒ For support vectors: 𝛿∗ =
𝑦∗ 𝑤𝑇𝑥∗+𝑤0

𝑤 2
=

1

𝑤 2

⇒ For non-support vectors: 𝛿(𝑖) >
1

𝑤 2
⇒ 𝑦(𝑖) 𝑤𝑇𝑥(𝑖) + 𝑤0 > 1

⇒ Joint variation of the length of weight vector and bias yields the same hyperplane

Zaki M and Meira JR W (2014) Data Mining and Analysis



Support Vector Classification

Maximum margin classification for linearly separable training sets

𝑤∗ = argmax
𝑤

1

𝑤 2
⇔ 𝑤∗ = arg min

𝑤

1

2
𝑤𝑇𝑤 subject to 𝑦(𝑖) 𝑤𝑇𝑥(𝑖) + 𝑤0 ≥ 1

𝑥1

𝑥2

𝑥1

𝑥2

𝑥1

𝑥2



Support Vector Classification

Soft margin classification for not linearly separable training sets

𝑤∗, 𝜉∗ = arg min
𝑤,𝜉

1

2
𝑤𝑇𝑤+𝐶  𝑖=1

𝑛 𝜉𝑖 subject to 𝑦(𝑖) 𝑤𝑇𝑥(𝑖) +𝑤0 ≥ 1 − 𝜉𝑖 , 𝜉𝑖 ≥ 0

𝑥1

𝑥2

𝜉1 > 1

𝜉2 > 1

𝑦(𝑖) 𝑤𝑇𝑥(𝑖) + 𝑤0 ≥ 1

↓

𝑦(𝑖) 𝑤𝑇𝑥(𝑖) + 𝑤0 ≥ 1 − 𝜉𝑖



Support vector classification and constrained nonlinear optimization

⇔ min
𝑥∈ℝ𝑑

𝑓(𝑥) subject to 𝑐𝑖 𝑥 = 0 𝑖 ∈ 𝐸 and 𝑐𝑖 𝑥 ≥ 0 𝑖 ∈ 𝐼

𝑤∗, 𝜉∗ = arg min
𝑤,𝜉

1

2
𝑤𝑇𝑤+𝐶  𝑖=1

𝑛 𝜉𝑖 subject to 𝑦(𝑖) 𝑤𝑇𝑥(𝑖) +𝑤0 ≥ 1 − 𝜉𝑖 , 𝜉𝑖 ≥ 0

Variable 
𝑥 ≔ 𝑤,𝑤0, 𝜉 ∈ ℝ2𝑚+1

Objective function

𝑓:ℝ2𝑚+1 → ℝ, 𝑤,𝑤0, 𝜉 ↦ 𝑓 𝑤,𝑤0, 𝜉 ≔
1

2
𝑤𝑇𝑤+𝐶 𝑖=1

𝑛 𝜉𝑖

Inequality constraint functions 

𝑐𝑖 ∶ ℝ
2𝑚+1 → ℝ, 𝑤,𝑤0, 𝜉 ↦ 𝑐𝑖 𝑤,𝑤0, 𝜉 ≔ 𝑦 𝑖 𝑤𝑇𝑥 𝑖 + 𝑤0 + 𝜉𝑖 − 1 𝑖 = 1,… , 𝑛

𝑐𝑖 ∶ ℝ
2𝑚+1 → ℝ, 𝑤,𝑤0, 𝜉 ↦ 𝑐𝑖 𝑤,𝑤0, 𝜉 ≔ 𝜉𝑖−𝑛 (𝑖 = 𝑛 + 1,… , 2𝑛)

Many algorithms for solving constrained nonlinear optimization problems exist!
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Discussion

Support vector classification parameter estimation

→ A constrained nonlinear optimization problem

Neuroscientific value of the model?

Scientific value of the model‘s inference scheme?


